The concepts of fuzzy cγ-open sets and fuzzy cγ-continuity are introduced and studied in fuzzifying topology and by making use of these concepts, some decompositions of fuzzy continuity are introduced.
Introduction.
In [8, 9, 10] , Ying introduced the concept of fuzzifying topology with the semantic method of continuous valued logic. All the conventions in [8, 9, 10] are good in this paper. Andrijević [3] introduced the concepts of b-open sets in general topology. We note that the concepts of γ-open sets and γ-continuity are considered by Hanafy [4] to fuzzy topology. In [7] , the concepts of fuzzy γ-open sets and fuzzy γ-continuity are introduced and studied in fuzzifying topology. In the present paper, we define and study the concepts of cγ-open sets and cγ-continuity in fuzzifying topology. The main purpose of the present paper is to obtain decompositions of fuzzy continuity in fuzzifying topology by making use of fuzzy γ-continuity and fuzzy cγ-continuity.
Preliminaries.
We present the fuzzy logical and corresponding set theoretical notations due to Ying [8, 9] .
For any formulae ϕ, the symbol 
Ã(x) +B(x)); (b) [Ã ≡B] := [(Ã ⊆B) ∧ (B ⊆Ã)]; (c) [Ã≡B] := [(Ã ⊆B) ∧ · (B ⊆Ã)],
where Ᏺ(X) is the family of all fuzzy sets in X.
We do not often distinguish the connectives and their truth value functions and state strictly our results on formalization as Ying does. We now give the following definitions and results in fuzzifying topology which are used in the sequel. Definition 2.1 (see [8] ). Let X be a universe of discourse, P (X) the family of subsets of X, and τ ∈ Ᏺ(P (X)) satisfy the following conditions:
(
Then τ is called a fuzzifying topology and (X, τ) is a fuzzifying topological space. Definition 2.2 (see [8] ). The family of fuzzifying closed sets, denoted by F ∈ Ᏺ(P (X)), is defined as A ∈ F := X ∼ A ∈ τ, where X ∼ A is the complement of A. Definition 2.3 (see [8] ). Let x ∈ X. The neighborhood system of x, denoted by
In [8, Theorem 5.3] , Ying proved that the closure¯: P (X) → Ᏺ(X) is a fuzzifying closure operator (see [8, Definiton 5.3] ) since its extension¯: Ᏺ(X) → Ᏺ(X),Ā = ∪ α∈ [0, 1] αĀ α ,Ã ∈ Ᏺ(X) satisfies the following Kuratowski closure axioms:
(1) ∅ ≡ ∅;
(2) for anyÃ ∈ Ᏺ(X), Ã ⊆Ā; (3) for anyÃ,B ∈ Ᏺ(X), Ã ∪B ≡Ā ∪B;
Definition 2.5 (see [9] ). For any A ∈ P (X), the interior of A, denoted by A
• ∈ Ᏺ(P (X)), is defined as follows:
From [8, Lemma 3.1] and the definitions of N x (A) and A • for A ∈ P (X) we have
Definition 2.6 (see [5] ). For anyÃ ∈ Ᏺ(X), (Ã)
Lemma 2.7 (see [5] ).
Lemma 2.8 (see [5] ). Let (X, τ) be a fuzzifying topological space. For anyÃ,B;
Lemma 2.9 (see [5] ). Let (X, τ) be a fuzzifying topological space. For anyÃ ∈ Ᏺ(X),
Lemma 2.10 (see [2, 5] ).
Definition 2.11. Let (X, τ) be a fuzzifying topological space.
(1) The family of fuzzifying cα-open [6] (resp., csemi-open [5] , cpre-open [2] , cβ-open [1] ) sets, denoted by cατ (resp., cSτ, cP τ, cβτ) ∈ Ᏺ(P (X)), is defined as follows:
(2) The family of fuzzifying cα-closed [6] (resp., csemi-closed [5] , cpre-closed [2] , cβ-closed [1] ) sets, denoted by cαF (resp., cSF, cP F, cβF) ∈ Ᏺ(P (X)), is defined as follows: A ∈ cαF (resp., cSF, cP F, cβF) := X ∼ A ∈ cατ (resp., cSτ, cP τ, cβτ). Definition 2.12 (see [10] ). Let (X, τ) be a fuzzifying topological space.
(1) The family of fuzzifying γ-open sets, denoted by γτ ∈ Ᏺ(P (X)), is defined as follows:
The family of fuzzifying γ-closed sets, denoted by γF ∈ Ᏺ(P (X)), is defined as follows: 
Lemma 2.13 (see [7] ).
Definition 2.14 (see [10] ). Let (X, τ) and (Y , U) be two fuzzifying topological spaces. A unary fuzzy predicate C ∈ Ᏺ(Y X ) called fuzzy continuity, is given as
Fuzzifying cγ-open sets
Definition 3.1. Let (X, τ) be a fuzzifying topological space.
(1) The family of fuzzifying cγ-open sets, denoted by cγτ ∈ Ᏺ(P (X)), is defined as
(2) The family of fuzzifying cγ-closed sets, denoted by cγF ∈ Ᏺ(P (X)), is defined as A ∈ cγF := X ∼ A ∈ cγτ.
Proof. The proof of (1) is straightforward.
(2) From Lemma 3.2, we have
Proof. From Theorem 3.3 the proof is obtained.
Proof. From the properties of the interior and closure operations and [9, Theorem 2.
(2) The proof is obtained from (1).
Remark 3.6. In crisp setting, that is, in case that the underlying fuzzifying topology is the ordinary topology, we have
Of course the implication "→" in (3.2) is either the Lukaciewicz's implication or the Boolean's implication since these implications are identical in crisp setting. But in fuzzifying setting the statement (3.2) may not be true as illustrated by the following counterexample.
Counterexample 3.7. Let X = {a, b, c} and let τ be a fuzzifying topology on X defined as follows:
and τ({c}) = τ({b, c}) = 1/8. From the definitions of the interior and the closure of a subset of X and the interior and the closure of a fuzzy set of X we have the following: γτ({a, b}) = 7/8, cγτ({a, b}) = 1/8.
Proof. (1) This follows from Theorem 3.5(g) and Lemma 2.13(1).
Thus,
Proof.
[ Conversely, if a mapping cγN satisfies (2) and (3) , then cγN assigns a fuzzifying topology on X which is denoted by τ cγN ∈ Ᏺ(P (X)) and defined as
(4.1) 
Fuzzifying cγ-derived sets, fuzzifying cγ-closure, and fuzzifying cγ-interior
Definition 5.1. Let (X, τ) be a fuzzifying topological space. The fuzzifying cγ-derived set of A, denoted by cγ-d ∈ Ᏺ(P (X)), is defined as
Proof. From Theorem 4.2(2), we have (1 − cγF(B) ).
Proof. From Lemma 5.2, we have
It is clear that for any A ∈ P (X) and any
Theorem 5.6. For any x and A;
(1) Applying Lemma 5.2 and Theorem 5.5(3), we have
(3) From Theorem 5.5(1), we have 
Proof. If [A ⊆ B] = 0, then [B≡cγ-cl(A)] = 0. Now, we suppose [A ⊆ B] = 1, then we have [B ⊆ cγ-cl(A)] = 1 − sup x∈B∼A cγN x (X ∼ A) and [cγ-cl(A) ⊆ B] = inf x∈X∼B cγN x (X ∼ A). So,

B≡cγ-cl(A)
, that is, there exists C x such that x ∈ C x ⊆ X ∼ A and cγτ(C x ) > t + sup x∈B∼A cγN x (X ∼ A). Now, we want to prove that C x ⊆ X ∼ B. If not, then there exists x ∈ B ∼ A such that x ∈ C x . Hence, we can obtain that sup x∈B∼A cγN x 
Definition 5.8. Let (X, τ) be a fuzzifying topological space. For any A ⊆ X, the cγ-interior of A is given as follows: cγ-int(A)(x) = cγN x (A).
Theorem 5.9. For any x, A, and B, 
Fuzzifying cγ-continuous functions
Definition 6.2. Let (X, τ) and (Y , U ) be two fuzzifying topological spaces. For any f ∈ Y X , we define the unary fuzzy predicates γ j ∈ Ᏺ(Y X ) where j = 1, 2,...,5 as follows:
, where F Y is the family of closed subsets of Y and cγF X is the family of cγ-closed subsets of X;
where N is the neighborhood system of Y and cγN is the cγ-neighborhood system of X;
Then,
( 6.7) (c) We prove that f ∈ γ 5 ↔ f ∈ γ 2 ; from Theorem 5.5(1),
(6.8)
Remark 6.4. In the following theorem, we indicate the fuzzifying topologies with respect to which we evaluate the degree to which f is continuous or cγC-continuous.
Thus, the symbols (τ, U )-C(f ), (τ cγN ,U)-C(f ), (τ, U cγN )-cγC(f )
, and so forth, will be understood.
Applying Theorems 3.5(g) and 4.3, one can deduce the following theorem. 
Decompositions of fuzzy continuity in fuzzifying topology
Proof. The proof is obtained from Lemma 2.13(1) and Theorem 3.5(g).
Remark 7.2. In crisp setting, that is, in the case that the underlying fuzzifying topology is the ordinary topology, one can have
But this statement may not be true in general in fuzzifying topology as illustrated by the following counterexample.
Counterexample 7.3. Let (X, τ) be the fuzzifying topological space defined in Counterexample 3.7. Consider the identity function f from (X, τ) onto (X, σ ), where σ is a fuzzifying topology on X defined as follows:
Theorem 7.4. Let (X, τ) and (Y , U ) be two fuzzifying topological spaces. For any
and so the result holds. 
Proof. We need to prove that C(f ) = γC(f ) ∧ cγC(f ). Applying Theorem 3.8(2), we have 
